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overlays can be exported to carry out specialized modelling outside the GIS in other software
packages. Because the overlay process produces a single new map from two or more original
maps, the treatment of an overlay map and associated attribute tables is directly comparable
to the analysis and modelling of single maps and their attributes, as described in Chapter 7.
We now turn to the question of identifying and quantifying correlations between pairs of
maps.

CORRELATION BETWEEN TWO MAPS

When two maps are combined with a model, the result is a new map that can be visually
inspected for spatial associations. It is also useful to quantify spatial associations between
maps with summary statistics, either on a global basis, or on the basis of subsets defined by
spatial or thematic criteria.This permits a comparIson of the strength of a spatial association
between one map pair and another map pair.The identification and ranking of spatial
correlations on maps are important in many areas of earth science. Exploration geologists
need to identify map patterns that are indicative of mineral deposits. Environmental geologists
need to be able to correlate geochemical patterns with possible causes of pollution, or with
geological patterns that provide a "natural" explanation for chemical distributions.
Geomorphologists need to measure the associations between landslide regions and maps of
soil type, vegetation type, or other factors. In medical geology, the distribution of disease may
be spatially correlated with geochemical patterns in soil or groundwater. Insurance companies
need to correlate patterns of earthquake damage with geological features to establish zones
according to risk.

Usually it is desirable to know not only that pattern X is spatially associated with pattern
Y, but that the association is significantly greater than might occur due to chance.
Unfortunately, although the association of one map with another can be measured and
described quantitatively, the significance of a particular correlation value in a probability
sense is much more difficult to evaluate with spatial data than with non spatial data.This is
because spatial data usually do not satisfy the assumptions of classical statistical models,
particularly in regard to the independence of samples. Remember that in classical hypothesis
testing, one of the basic assumptions is that an "independent random sample" is used, and that
the samples are "independent and identically distributed". Suppose that two binary maps are
to be compared at a series of randomly selected point locations. If the average distance
between the sample locations is large, then the assumption of independence of samples may
be reasonable, but as the number of random samples is increased and the separation between
points becomes small, then samples are no longer independent in a statistical sense. In general
we find that the greater the number of samples from a spatial dataset, the closer together they
are, and the more they are spatially autocorrelated, which means that they are not independent.
Consequently, summary measures of correlation between maps are generally useful in a
descriptive sense only, and the statistical significance of tests about null hypotheses are in
error because the estimates of variance of the correlation statistics are too small. Instead of
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using the term "significant", which is loaded with probability connotations, it is safer to talk
about "unusual" or "interesting" correlations, words that draw attention to an association,
rather than implying that a null a hypothesis of zero correlation can be rejected at some level
of probability, see Openshaw (1991). Thus inter-map correlation measures are generally
useful for exploring relationships rather than confirming them.

The second aspect of map correlation that is most important in a GIS environment is
measurement scale. The product moment correlation coefficient, the usual Pearson's r, is not
suitable for attributes measured on nominal or ordinal scales, and these levels of measurement
are widely used in GIS. Often, the raw data on which spatial associations are to be measured
can be cast as an area cross-tabulation, with the classes of one map being the rows, and the
classes of the second map being the columns. This form of the data can be visually inspected,
graphically displayed, and employed to derive measures of correlation. If the map classes are
nominal only (implying that rows or columns of the area table can be moved around without
affecting the information content) then a variety of correlation measures, or "association"
measures, can be employed. Several of these are based on chi-squared statistics, and assume
that the area cross-tabulation can be treated as a contingency table. Entropy measures, also
called information statistics, are also useful. For pairs of maps with the same number of
classes, where the classes are directly comparable and matched between the two maps, the

)~kappa coefficient of agreement, often employed for evaluating classification accuracy of
remote sensing images, is an appropriate correlation measure. In situations involving binary
maps, "matching coefficients" (as used in cluster analysis), and measures based on the notions
of probability and odds are helpful. Ordinal data can either be treated as nominal data, or rank
correlation measures can be applied. Of course, if both maps are measured using continuous
interval or ratio scale variables, then Pearson's r is appropriate. Some of these measures, and
examples of how to calculate them, are discussed below.

In general, the global correlation of mapped variables in geology over a whole study area
is seldom very great. Too many processes are operating, generating a naturally noisy dataset,
and global correlations are hardly to be expected. More often, correlations occur locally, under
particular sets of conditions. It is therefore a mistake to calculate inter-map correlations
without actually looking at the spatial patterns with a map view, because the "baby can get
thrown out with the bathwater". Local correlations are often apparent visually that are simply
lost in an overall statistical summary. Initial display of map combinations can lead to the
definition of local domains over which particular correlations are unusual and potentially
interesting. The initial appraisal of inter-map correlations can often be effectively carried out
visually by superimposing polygon outlines from one map on to a colour display of the other
map, or by using the RGB or IHS colour assignments to make colour composite images, as
discussed in Chapter 4.

Another factor that makes the assessment of spatial associations difficult to interpret is the
effect of edges or boundaries, and the choice of a region for making measurements. This can
easily be seen by examining the sensitivity of measures of spatial association to changes in
the size or shape of a study area. Clearly, if the correlation measure changes drastically with
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Table 8-2. Unique conditions table resulting from the overlay of a
bedrock geology map (Figure 8-8A) and a surficial geology map
(Figure 8-8B). There are 24 possible unique conditions, because
one map has 3 classes, the other 8 classes, but two conditions do
not occur reducing the actual number from 24 to 22. Each polygon
on the overlay map is keyed to the unique condition number. Thus
the unique conditions map could be reclassified, with this table as
a lookup, by bedrock class or surficial class (thereby reconstituting
the original maps), or by area.

Unique
condition #

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

Bedrock
class

3

2

3

2

2

2

2

3

3

2

3

3

2

2
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Surficial
class

3

3

3

5

6

2

8

5

6

2

5

4

2

8

8

4

7

7

4

Area,
km2

1438.63

344.89

292.86

176.80

103.68

89.70

87.69

85.31

81.39

62.94

42.23

40.41

34.40

15.39

14.17

11.13

10.23

9.95

1.19

1.01

0.79

0.44
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Table 8-3. Area cross-tabulation for the same maps summarized in the unique
conditions overlay table. The same information is simply presented in a different
form. The units are km2. Each cell of this table corresponds to a unique condition
class. Notice that two cells of the table contain zero area, as already noted in the
unique conditions table.

Bedrock geology map

Surficial geology

1.Goldenville2.Halifax3.GraniteTotal

map

FmFm

1.Quartzite Till

1438.63176.80103.681719.11

2.Slate Till

34.40-il1.39 11.13126.92

3.Bedrock / Granite

292.86,89.70 344.89727.45
Till

4.Lawrencetown Till

14.170.441.1915.80

A
5.Lawrencetown Till

87.6942.2315.39145.30
B

6.Red granite Till

85.3140.410.00125.73

7.Bridgwater

0.791.010.001.80

Conglom.
a.Unclassified

62.9410.239.9583.13

Total

2016.80442.22486.232945.24

minor shifts in the boundary of the study region, the results are not robust and interpretations
based on the results are suspect.

Area Cross- Tabulations

Consider the spatial correlation of bedrock and surficial geology in the Meguma terrane
of Nova Scotia. An area cross-tabulation is simply a two-dimensional table summarizing the
areal overlap of all the possible combinations of the two input maps. It contains the same
information as a unique conditions overlay table, but is organized differently, as shown in
Tables 8-2 and 8-3 . Notice that the relationship between the surficial geology (Figure 8-8A)
and bedrock geology (Figure 8-8B ) is apparent both on the map and in the cross-tabulation.
We see that class 1 of the bedrock map (Goldenville Fm) and class 1 of the surficial map
(Quartzite till) are spatially associated. Given the presence of one of these units, there is a
strong probability that the other unit is also present. The Slate Till is predominantly occurring
on the Halifax Fm, although the Halifax is also overlain by a variety of other surficial units.
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Thus although the presence of Slate Till strongly suggests the presence of Halifax, Halifax:5
not such a good predictor of Slate Till. The Granite mapped on the bedrock map predominantl:.
is associated with the surficial unit that is mapped as either Bedrock or Granite Till (sho\\-=
here as a single map unit), but again the Bedrock/Granite Till unit is also found associate':
with the Goldenville Fm. These associations are reinforced by making a map showing where
these associations are present, Figure 8-8C, created with a matrix overlay. The are.=.
cross-tabulation, however, is not very easy to interpret, because the frequency of each ma[:'
unit differs between classes, and it is difficult to know whether a particular combination occurs
more frequently than might be expected if the two maps were generated by independen:
processes. Various measures can be used to quantify the degree of association between map5.
and in each case the calculations are based on the numbers from the area cross-tabulation.

Note that an overall measure of whether one map is correlated with another is not alwa~ s
very illuminating. Correlations of particular units on one map with particular units on anothe:
map are usua]]y more enlightening, and such correlations may also be restrictec
geographically or thematically, due the complexity of real-world processes. The asymmetr:.
of correlations, as indicated here, is also an important factor; the presence of one unit may ~
a good predictor of the presence of another unit, but the converse is not necessarily true.

An issue that bears on correlation measures applied to areas is the question of measurement urn 
Clearly the size of an area has a magnitude that is constant, but the number used to describe the s~
varies with the measurement unit Thus 1 km2 is the same area as 1rji m2, yet the number is a million
times larger. Correlation measures that are affected by the choice of units are less desirable than those
that are independent of units. Furthermore, there is a tendency to think of the areal umtof measuremen:
as representing a sampling unit, or count. Thu:; by picking small units, an apparent but misleadin~
impression of sample size is created. In fact, the smaller the sampling unit (pixel size in a raster fo:
example), the greater is the effect of spatial autocorrelation and consequent dependency o~
neighbouring spatial objects. The tendency to think of the count of area units as the sample size, I:.
must therefore be avoided, as the "true" n is likely to be much smaller.

Although the areas recorded in area tables are sensitive to measurement units, area proportiolli
are not. Area proportions are the areas divided by total area. Proportions are the same for any area
units, whether the measurement is a count of pixels, a measurement of a polygon from the
bounding vertices, or a count of sample points (on a lattice or random). Even with proportions.
however, the problem of spatial dependency due to autocorrelation is still present, invalidatin~
the traditional statistical tests of significance. As we shall see, chi-square statistics are affected by

the choice of units, but entropy and some other correlation measures are unchanged.

Nominal Scale Data

Many different measures of association for nominal scale data have been proposed. In the
most general case of two maps each with multiple classes, probably the most common
measures are based either on chi-squared statistics or on entropy statistics. For the specia
case of two maps with the same number of matched classes, the kappa coefficient of agreemem

242



••

CORRELATION BETWEEN TWO MAPS

is often quoted. Where the two maps are binary, a host of similarity or "matching coefficients"
have been used, as developed mainly for use in cluster analysis, see Romesburg (1990) for a
review. A variety of measures based on conditional probability, such as the odds ratio, Yule's
coefficient of association, and the "contrast" can be applied to binary maps. They are
introduced here, partly because they are useful correlation measures in their own right, and
partly because of their relationship with "weights of evidence", a method for combining
multiple binary maps together for predictive modelling, discussed further in Chapter 9.

In using the widely known chi-square statistic, the area cross tabulation is used like a
contingency table. Let the area table between map A and map B be called matrix T, with

elements Tij' where there are i=l ,2 .. n classes of map B (rows of the table) andj=l ,2.. m classes
of map A (columns of the table). The marginal totals of T are defined as Ti. for the sum of the
i-th row, T .for the sum of the j-th column, and T for the grand total summed over rows and
columns. IIthe two maps are independent of one'~nother, with no correlation between them,
then the expected area in each overlap category is given by the product of the marginal totals,

divided by grand total. Thus the expected area T/ for the i-th row andj-th column is

T. T .
T~· = ~. .] (8-2)~] T

Then the chi-square statistic is defined as

n m (T .. -T~.)2
X2 = E ~ ~].~] (8-3)

~=1 ]=1 Tij
the familiar (observed-expected'f/expected expression, which has a lower limit of 0 when the
observed areas exactly equal the expected areas and the two maps are completely independent.
As the observed areas become increasingly different from the expected areas, chi-square
increases in magnitude and has a variable upper limit. Two commonly quoted coefficients of
association based on chi-square values are the Cramers coefficient, V, and the contingency
coefficient C, The former is defined as

and the latter as

v=~-LT M (8-4)

(8-5)

where M is the minimum of (n-l, m-l). Chi-square varies in magnitude depending on the
degree with which the expected areas equal the observed areas. Chi-square is also strongly
dependent on the units of measurement, being proportional to the size of the areal unit. Thus
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Table 8-4. Chi-square values, reported to 1 decimal place, for the area cross
tabulation between bedrock and surficial geology maps. A large value of chi-square
can result from the observed area being greater or less than the expected area.
Although chi-square values are affected by the units of measurement, but they can
be useful within a single table in a relative sense. For example, note that one of the
largest values (203.9) is for the overlap of the Slate Till on the Halifax Fm., a bedrock
unit that also contains slate.

Bedrock geology map

Surficial geology map

1.Goldenville Fm2.Halifax Fm3.Granite

1.Quartzite Till

58.125.6114.3

2.Slate Till

31.7
::-

203.9, 4.6

3.Bedrock/Granite till

84.63.5420.8

4.Lawrencetown Till A

1.01.60.8

5.Lawrencetown Till B

1.419.13.1

6.Red Granite Till

.024.620.8

7.Bridgwater Conglom.

.22.0.3

a.Unclassified

.7.41.0

if the lineal units change by a factor of 100 from metres to centimetres, then areal units increase
by a factor of 10,000, and chi-square likewise. The magnitude of the contingency coefficient,
C, is independent of measurement U!1its, and varies between 0 (indicating no correlation
between the maps) to a maximum value less than 1, depending on i and the total area.
Cramers V also has a value of 0 for independence, and a maximum value that is less than 1,
depending on i' total area and the area table dimensions. "Where these measures are applied
to tables of counts based on independent random sampling, the statistical significance of

_associations can be tested, but with areal measurements this is clearly inappropriate.
- Nevertheless, chi-square values can provide an exploratory and descriptive measure of spatial

correlation between maps if these limitations are appreciated. The table of chi-square values
calculated from Table 8-3 is shown in Table 8-4. The chi-square value for the whole table is
approximately 1023, which is not very helpful because there is no basis for judging how
significant this value is, being dependent on the units of measurement On the other hand, the
relative variation in chi-square values within the table is quite instructive. The largest value
is for the Granite with Bedrock/Granite Till association, the second-largest for the Halifax
with Slate Till association, and so on. Some of the other large ivalues in the table correspond
to cases where the observed area is less than the expected area, which is one of the
disadvantages of using this measure, although it is simple to distinguish between positive and
negative associations if the expected values are output as part of the results. For this case, V =
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0.4169 and C = 0.5079. Although it is not possible to assess the significance of these
;:oefficients statistically, they are both substantially greater than O.

Entropy measures, also based on the area cross-tabulation matrix T,can alsobe used for measuring

associations. Suppose that the Tij values are transformed to area proportions, p, by dividing each area
element by the grand total 1'.: Thus pirTijIT., and the marginal proportions are defmed as pi.=Ti/T.
and P.j as 1'./1'.: Then entropy measures, also known as information statistics can be defined using
the area proportions as estimates of probabilities. Proportions are dimensionless, so entropy measures
have the advantage over chi-squared measures of being unaffected by measurement units.

Assuming that an area proportions matrix for map A and map B has been determined from
T, then the entropy of A and B are defined as:

m

(8-6)
andH(A) - L P.j lnP.jj = 1

n

H(B) = - L Pi. lnPi.i = 1
where In is the natural logarithm.The joint entropy of the combination, H(A,B), is simply

n m

H(A,B) = -L: I:Pijlnpij (8-7)
~=1 ]=1

Then a "joint information uncertainty", U(A,B), can be used as a measure of association,
and is defined as

U(A B) = 2 [ H(A) + H(B) - H(A, B) ]
, H(A) + H(B)

(8-8)

which varies between 0 and 1. When the two maps are completely independent, then H(A,B)
= H(A) + H(B) and U(A,B) is 0, and when the two maps are completely dependent, H(A) =
H(B) = H(A,B) = 1, and U(A,B) is 1. This measure can be interpreted as a symmetrical
combination of two uncertainty measures, one being the uncertainty with which B predicts
A, the other being the uncertainty with which A predicts B. For a discussion of these quantities
and their calculation, see Press et aJ. (1986). Note that although the significance tests can be
applied to entropy statistics based on frequency counts and independent random sampling,
such tests are inappropriate for area cross-tabulations, as before./"

Of particular interest for pairs of nominal-scale maps containing the same number of
classes and where the classes are matched, is the coefficient of agreement, kappa. Originally
proposed by Cohen (1960) for use with psychology data, kappa measures the amount of
agreement between attributes, and corrects for the expected amount of agreement. Kappa has
been quite widely used for measuring classification accuracy of LANDSAT images, where
the true classification is sometimes available as "ground truth". Consider the data in Table
8-5, derived from a paper by Rosenfield and Fitzpatrick-Lins (1986). There are five classes
on each map, and the order of the two sets of classes is arranged to be the same, so that the
classes are matched. The results of the classification can be expressed as the usual
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cross-tabulation, T, often referred to in remote sensing literature as the "confusion matrix' .
The values in the principal diagonal reflect the amount of agreement, and the off-diagon .
elements show the amount of "confusion", where the classes of the maps are mismatcheci.
The kappa coefficient is defined here in terms of expected area proportions with the formul

Table 8-5. Calculation of kappa coefficient of agreement from a confusion matrix. A. The
confusion matrix, T(same as area cross-tabulation), from Rosenfield and Fitzpatrick-Lins (1986).

B. Matrix of observed proportions, with elements Pij' Shaded values in principal diagonal
represent areas of agreement. C. Expected proportions matrix, qij' with principal diagonal
shaded. These are the proportions expected in the null situation of no correlation, or
independence. D. Conditional kappa and area proportion of agreement for each class. E. Table
of chi-squared values for comparison.

A. CONFUSION MATRIX

Geological Map
Classified

Class Total
Landsat Irmge

148
151

50

57

15

39 68

25

38

Total

159685433 322

B. OBSERVED PROPORTIONS MATRIX

Geological Map

ClassifiedClass Total

/.--
Landsat

irmge
0.469

0.1770.2120.1170.025Total

0.4940.2110.1670.1030.0251.000

C. EXPECTED PROPORTIONS MATRIX

Geological Map

Classified

Class Total
landsat Irmge

0.078
0.0480.0120.469

0.030

0.0180.0040.177

0.104

0.045 0.212

0.058

0.025 0.117

0.012

0.005 0.025

Total

0.4940.2110.1670.1030.0251.000
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O. Conditional Kappa Value8

Class, I

'"Proportion
COrTect

0.961

0.980

0.844

0.877

0.488

0.574

0.619

0.658

0.744

0.750

E. CHI·SQUARE MATRIX

Geoklglcal Map
CIa55ltfed

Class Total
Landsat Imago

72.33
31.8923.3613.542.02143.1

26.18

119.731.335.841.42154.5

19.48

0.0366.780.131.6988.1

14.98

3.150.06114.380.00132.6

3.95

1.680.090.04169.32175,1

Total

136.92156.4891.62133.93174.45693.4

n nl:Pii
-

~qii
K

~=1

n
(8-9)

1
-
~qii

where Pi} is the observed area proportion defined above for entropy, and qij is the expected
area proportion for the i-th row and j-th column under the assumption of no association

between maps, obtained from the product of the marginal totals Pi. and P.j' n is the number
of matched classes. In contrast to chi-square, which compares the observed and expected
frequencies for each overlap category, kappa looks only at the categories in the principal
diagonal of the proportions matrix. The term Pii is the total observed agreement, whereas %
is the total expected agreement due to chance. Kappa varies between -1 (perfect disagreement)
to +I (perfect agreement), with a value of 0 indicating that the agreement is no better than
that expected due to chance. In addition, besides the overall kappa value, a conditional kappa
value, can be calculated for each class, showing the breakdown of agreement by class.
Conditional kappa for the i-th class, i is defined here as

K. = Pii qii
~ Pi. - qii
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The calculation of kappa is illustrated in Table 8-5. After determining the observed and
expected proportions (Table 8-5 B and C), the proportion of observed agreement is
(0.460+0.155+0.121 +0.078+0.019)=0.832, whereas the proportion of expected agreement is
(0.232+0.037+0.035+0.012+0.001)=0.317, so kappa is (0.810-0.317)/(1-0.317) or 0.7544.
Without adjusting for the expected agreement, the observed agreement is 83.2% (the
proportion of the total area that is correctly classified), but after removing the expected
agreement due to chance, the value of kappa is 75.44%. The conditional kappa for class 1 is
(0.460-0.232)/(0.469-0.232)=0.962, slightly different from the value shown in Table 8-5 D
due to rounding error. The conditional kappa values show that individual classes vary in
agreement from 96% to 49%, and that a simple estimate of the correct proportion overstates
the degree of correlation in each class.

It is also instructive to compare chi-square and kappa values for these data. Table 8-5 E
gives the individual chi-sguare terms and the totals. As with kappa, chi-sguare corrects for
the expected overlap area, but each individual term is divided by the expected value. Further.
chi-square is summed over all the terms in the table, not just over the principal diagonal, so
that large deviations from expected that occur in off-diagonal locations can make major
contributions to the total. This illustrates that chi-square is really a goodness-of-fit measure
rather than a goodness-of-agreement measure. Kappa is easier to interpret than chi-square.
but is limited to the situation of comparing maps with the same number of matched classes.
whereas chi-square (and entropy) can be applied to any area cross-tabulation. Inkley et aJ.
(1984) describe a method, called the Linear Assignment Method, to find the best assignment
of classes of one categorical map with the classes or a second map, also categorical. The
number of classes must be the same on each map, or nearly so. This method could be used as
a precursor to calculating kappa, in cases where the matching of classes is not obvious.

"'-- The expression for the variance of kappa is given in Bishop et al. (1975), and is reported
in Hudson and Ramm (1987). Where kappa is applied to a random sample of pixels, as is
usually the case for checking the accuracy of LANDSAT classifications, and assuming that
kappa is normally distributed, the null hypothesis that kappa is zero can be tested. However.
if the confusion matrix is the total area cross-tabulation, such a significance test is not justified.
as discussed before.

Binary maps
The comparison of binary maps is a special case of comparing nominal scale maps, and any

of the above methods apply. The need to compare binary maps occurs regularly in geology, as for
example in comparing two different kinds of binary anomaly patterns, or matching the presence
of a particular lithology to a distinctive geophysical or geochemical indicator pattern. Indicator
patterns (simply binary maps with a value of 1 or 0) are often used for estimating mineral potential
by combining anomalies of different kinds, so that pairwise associations are important to
understand and characterize. Furthermore, binary patterns are simpler to deal with than multi-class
maps, where the number of possible overlap conditions is large and unwieldy.
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(8-11)
c =J

Besides the chi-square, entropy and kappa measures described above, any of the so-called

similarity or ''matching'' coefficients used in cluster analysis (Romesburg, 1990) can be employed
for binary map comparison. In addition, methods based on "odds ratios" are briefly introduced, partly

because of their relevance to the topic of ''weights of evidence", used for combining map patterns in

the next chapter, but also because they are useful correlation measures in their own right.

To illustrate the calculations with a geological example, consider the bedrock and surficial geology

maps used for the chi-square calculations. Two binary map patterns have been selected from these

multi-class maps by reclassification, and the overlap is shown in Figure 8-14. One binary pattern is the

Granite unit (class 1 on the geology map). This is called map A, and the pattern is either present or absent.

Similarly, map B is the binary pattern produced by the presence or absence of the Bedrock/Granite Till
(referred to as Granite Till hereafter) unit from the surficial map. The overlap relationships of these two

binary maps are summarized as the area cross-tabs T matrix and as a Venn diagram in Figure 8-15. The

goal is to examine various possible measures of correlation between the two binary map patterns. How

well can the presence of Granite be predicted from the presence of the Granite Till, for example?

A commonly-used similarity or matching coefficient used for cluster analysis, where

samples are described by a number of binary attributes, is Jaccard's coefficient, ej. In terms
of the area cross-tabulation matrix, T, this coefficient is defined as

Tll
T12 + T21 + Tll

Table 8-6. Relationship between prob
ability, P, odds, 0, and logits, In (0), the
natural logarithms of odds. Odds are often,
but not necessarily, expressed as a ratio.
Note that a probability of one half
corresponds to odds of 1 (thesame as 50/50
or "evens") and a logit of zero.

p 0InO

.0

0

.1

1/9-2.20

.2

1/4-1.39

.4

2/3-0.41

.5

1/10.00

.6

3/20.41

.8

4/11.39

.9

9/12.20

1.0
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where TlI is the area of "positive match ", with both patterns present, and T]2 and T2J are the
areas of "mismatch". Notice that the area of "negative match", Tn, is ignored, so the similarity
of patterns as measured by Jaccard's coefficient is not affected by regions where both patterns
are absent. Thus, forthe data in Figure 8-15, Cj is 345 1(382 + 141 + 345) = 0.3975. Jaccard's
coefficient ranges between 0 (complete dissimilarity) to I (complete similarity). No correction
is made for the expected degree of matching, as in the case of chi -square or kappa.

A similar similarity measure is the so-cal1ed simple matching coefficient, CA' which is
defined as the total area where the patterns match (positive and negative) divided by the total
area. With areal data, this coefficient is known in the geographic literature as the coefficient
of areal association, e.g.Taylor (1977). The coefficient ranges between 0 and I, as before. For
comparison with Jaccard's coefficient, the areal coefficient of association for the same data
is (345 + 2077) 1(345 + 2077 + 382 + 141) = 0.8244. Notice that the value is appreciably
greater, due to the inclusion of negative matches in the expression. In this example, the area
of negative match is 2077 km2, by far the largest of the 4 overlap regions. Notice that Cj and
CA are dimensionless and therefore independent of the units of areal measurement.

We now turn to the idea of the probability and odds, as applied to the relationship between
two binary map patterns. Probability can be expressed as odds, or vice-versa, using the relation
o = PI (1 - P), see Table 8-6. Odds values less than I correspond to probabilities less than
0.5, and very smal1 probabilities are nearly the same as odds. Logits are the natural logarithms
of odds. The logit scale is therefore centred about 0, corresponding to a probability of 0.5,
with negative values for odds less than 1/1 and positive values for odds greater than 1/1. In
the following description, the background to a measure cal1ed the odds ratio is explained.
Logits are used in logistic regression models and for Bayesian weights of evidence modelling,
as described later.

First, consider the idea of probabilities in relation to the Granite and Granite Til1 binary
patterns from Figures 8-14 and 8-15. The four possible overlap conditions are summarised
graphical1y and correspond to the four elements of the area matrix, T. The area proportions

for each overlap condition are Pij=Tij IT ..as before, and the proportions are treated as estimates
of probabilities. Thus the probability of pattern A occurring in the study region is P{A},
estimated by P.I' the probability ofB occurring is P{B}, estimated by Pl.' the probability of
A and B occurring together is P{An B}, estimated by P lI' the probability of A and not B
occurring is P{AnB }=P21 , and similarly P{AnB }=P 12' and P{AnB }=P22 . The bar over the
letter A or B means not, and n is the symbol for a logical intersection or Boolean AND
operation.

The conditional probability ofB occurring given the presence of A is written as P{B I A}.
From probability theory, conditional probability is defined as P{B I A} = P{BnA} I P{A}.
Thus the probability of pattern B occurring, given the presence of A can be expressed as a
probability ratio, or equivalently as a ratio of area proportions, or directly in terms of areas,
satisfying the relationships

p(BIA)
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which follows from the basic definition of conditional probability, followed by the
substitution of area proportions as estimates of probabilities, and finally as a ratio of areas.
Given the data for the Granite (A) and the Granite Till (B), the unconditional probability of
the Granite Till occurring, P{B}, is 727/2945 = 0.2469, whereas the conditional probability
of the Granite Till given the presence of the Granite, P{BIA}, is 345/486=0.7098. Clearly this
indicates a strong association between the Granite and the Granite Till, because where the
Granite occurs the probability of the Granite Till also occurring increases sharply from .2469
to .7098. If the conditional probability is now converted to conditional odds, O{BIA} by the
relation between odds and probability mentioned above, then

O(BIA) p(BIA)

P(BjA)
(8- 13)

which follows because I - P{BI6.}=P{B I A}. The probability of Granite Till being absent,
given the presence of granite, P{B I A}, is P2/P./, (using the same logic as Equation 8- 12) so
O(B I A) can now be defined as

A B
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FIG. 8-14. Comparison of two binary maps, made by reclassifying the multi-class bedrock and surficial
maps shown in Figure 8-8. Map A is the Granite from the bedrock geology map, map B is the Granite Till
from the map of surficial units (this unit also includes exposed bedrock with little to no surficial cover).
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A
A

Granite
A Total

B 345 382727

(T11)
(TI2)(T1)

f=
2c~CJ

B

141 20772218

(T21)
(T22)(T2)

8

Total 486

(T.I)

2459

(T.2)

2945

(T)

!inS

Area(AnB) = T11 = 345

Area(AnB) = T21 = 141

Area(AnB) = T12= 382

Area(AnB) = T22 = 2077

FIG. 8-15. A. Area cross-tabulation showing the overlap values for the Granite and Granite
Till. B. Venn diagram summarizing the overlap relationships between the two binary maps
in graphical form (areas not drawn to scale). Numbers are areas measured in km2.
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(8-14)

because the ratio of the areas is the same as the ratio of the area proportions. In terms of our
example data, this now means that the odds of Granite Till occurring given the presence of
Granite are (345/141)=2.45. In other words if Granite is present then the odds of Granite Till
also being present are nearly 25 to 10, as compared to the unconditional odds of Granite Till
being present if the bedrock unit is unknown, which is 727/2218=0.3278, or approximately
3 to 10. Knowing that Granite is present therefore increases the odds that Granite Till is also
present by about 8 times.

Instead of having to chose which map is the dependent one in the relationship, it would be
preferable to have a measure that was symmetrical in the sense that neither map is the causative

agent that precedes the other. Accordingly, a similar argument to the abovels used to derive
an expression for the conditional odds of B given the absence of A, 0 {B IA}:

O(BIA) (8-15)

and applying this formula to the example data produces (382/2077)=0.1839. Thus the
knowledge that the Granite is absent reduces the odds of the presence of Granite Till from
more than 3 in 10 to less than 2 in 10. Notice that the absence of Granite carries much less

information than the presence of Granite in predicting the presence of Granite Till, which is
not surprising from a geological point of view.

We can now combine the two conditional odds expressions (Equations 8-14 and 8-15)
together in various ways to provide a symmetrical measure of association between the two
binary patterns. The simplest measure is the odds ratio OR' defined as

o = O(BI~ =
R O(BIA)

(8-16)

which is straightforward to calculate from the area cross-tabulation, being the product of the
terms on the principal diagonal, divided by the product of other two terms. For the example
data, °R= (345*2077) / (382*141) = 13.3. The numerator is a measure of agreement between
the patterns, and the denominator a measure of disagreement. The odds ratio is always
positive, being greater than 1 for patterns that are positively associated, 1 if the two patterns
are independent and less than I if they are negatively associated. Transforming to a logit scale,
by taking the natural logarithm of the odds ratio, produces a closely-related index of
association called the contrast, Cw- In this case, the contrast therefore has a value ofln(l3.3)
= 2.59. The contrast is 0 when the patterns overlap only by the expected amount due to chance,
is positive for positive associations and negative for negative associations.

The difference of the square root of the conditional odds, divided by the square root of
their sum, provides another convenient association measure, referred to here by the Greek
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letter 0.. This measure was originally proposed by Yule, as quoted by Fleiss (1991), and can
be expressed in terms of the overlap areas by

a ~-@Bffi
VOTB1Ar +VO (BIA)

VTll1 T21 - VT121 T22

VTll1 T21 + VT121 T22

(8-17)

0. ranges in value between -I and +1 like a correlation coefficient, with 0 implying
independence of the two patterns. For the present example, a =0.5699 indicating a strong
positive association.

Anyone of these measures of associations between binary patterns can be applied to the
comparison of multi-class categorical maps by treating each combination of map classes as
a binary case, lumping together other classes in the same manner as was done to isolate the
granite and granite till patterns from the bedrock and surficial geology maps, respectively.
By this means, a matrix of binary coefficients can be produced, one for each element of the
area cross-tabulation or T matrix. Inspection of these coefficients usually gives more insight
into the overlap relationships of note than either the area values themselves or the chi-square
or entropy values that give an overall correlation number. For example, Table 8-7 shows odds
ratios calculated for all combinations of classes on the bedrock and surficial geology maps.

Table 8-7. Odds ratio values for the bedrock and surficial geology
maps, treating each overlap combination as a binary case, as
discussed in the text. Notice that the Granite with Granite Till
relationship stands out as the largest value, and the Halifax Fm.with
Slate Till value close behind. Odds ratios >1 indicate a positive
association, values between 0 and 1 indicate a negative association.

Bedrock geology map

Surficial geology map

1.Goldenville2.Halifax Fm3.Granite
Fm

1.Quartzite Till

5.75.42.14

2.Slate Till

.1612.17.47

3.Bedrock/Granite Till

.19.7413.25

4.Lawrencetown Till A

4.01.16.41

5.Lawrencetown Till B

.692.46.59

6.Red Granite Till

.972.85.00

7.Bridgwater Conglom.

.367.22.00

8.Unclassified

1.45.79.68
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The "contrast", Cw ' is also interesting because of its relationship to the weights of
evidence, used for quantifying spatial associations between binary map patterns and for
predictive modelling, as will be described in Chapter 9. Note here that the contrast can be
expressed as the difference in the natural logarithms of the conditional odds by the relation

Cw = In 0 (BIA) - In 0 (B!A) (8-18)

However, the contrast is normally expressed as the difference between the weights in
"weights of evidence". This topic is briefly introduced here because the weights can be very
nicely derived in terms of logits, and related to the terms of the (2x2) area table.

The idea behind weights of evidence is that several binary patterns can be combined
together to predict another binary pattern. We might, for example, want to predict the presence
of a buried granite, given a series of binary patterns for geochemical and geophysical map
patterns as indicators. A pair of weights W + and W-, are determined for each predictor pattern,
depending on the measured spatial association between the pattern and the granite. The
weights may then be combined from each pattern to make a predictive map for granite. Taking
a single predictor pattern, B, the positive weight, W +, can be expressed as the difference
between the unconditional or prior logit of B, and the conditional or posterior logit of B.

w+ = In O(BIA) - In O(B) = In [O(BIA) ]
O(B)

(8-19)

Then by substituting the expression for conditional odds from Equation 8-14, and an
expression for unconditional odds, W + can be expressed in terms of the overlap areas in the
T matrix:

(8-20)

Similarly, W - is the difference between the prior logit of B and the posterior logit of B,
given the absence of pattern A. Substitution of Equation 8-15 leads to an expression for the
negative weight, W - :

w- = In O(BIA) - In O(B) = In [ T12T2.] (8-21)
T22T1.

Having computed the weights, they are now applied to predict the response pattern. The
posterior logit (or probability after a simple transformation) is generated as a map using the model

In O(B!A) = In O(B) + W+
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expressed as the difference in the natural logarithms of the conditional odds by the relation
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However, the contrast is normally expressed as the difference between the weights in
"weights of evidence". This topic is briefly introduced here because the weights can be very
nicely derived in terms of logits, and related to the terms of the (2x2) area table.

The idea behind weights of evidence is that several binary patterns can be combined
together to predict another binary pattern. We might, for example, want to predict the presence
of a buried granite, given a series of binary patterns for geochemical and geophysical map
patterns as indicators. A pair of weights W+ and W-, are determined for each predictor pattern,
depending on the measured spatial association between the pattern and the granite. The
weights may then be combined from each pattern to make a predictive map for granite. Taking
a single predictor pattern, B, the positive weight, W +, can be expressed as the difference
between the unconditional or prior logit of B, and the conditional or posterior logit of B.

w+ = In O(BIA) - In O(B) = In [O(BIA) ]
O(B)

(8-19)

(8-20)

Then by substituting the expression for conditional odds from Equation 8-14, and an
expression for unconditional odds, W + can be expressed in terms of the overlap areas in the
Tmatrix:

w+ '" In [ Tll/T21] '" In [ TllT2. ]
T1./T2. T21T1.

Similarly, W - is the difference between the prior logit of B and the posterior logit of B,
given the absence of pattern A. Substitution of Equation 8-15 leads to an expression for the
negative weight, W - :

w- '" In O(BIA) - In O(B) '" In [ T12T2.] (8-21)
T22T1.

Having computed the weights, they are now applied to predict the response pattern. The
posterior logit (or probability after a simple transformation) is generated as a map using the model

In O(B!A) = In O(B) + W+
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Table 8-8. Sensitivity of measures of association to changes in the area
cross-tabulation. Cases I to VI are slightly different versions of the same T matrix,
simulating various effects. The table shows the effects on selected association
measures. Case I. Original Tmatrix. Case II. Enlarge boundary. Case III. Close
agreement. Case IV. Agreement of absence. Case V. Strong disagreement.
Case VI. Almost independent.

610
49 II610149 III

~41

108 141108 1 108

IV

10849 V41610 VI657170

41

610 10849 15235

Case lCUCAt(ORaCw

328

0.540.350.890.6432.80.703.49

II

560.230.050.710.233.10.281.14

III

7040.700.960.990.99658800.9911.10

IV

3280.540.350.890.6432.80.703.49

V

3280.540.350.11-0.280.03-0.70-3.49

VI

0.30.020.000.68-0.180.89-0.03-0.12

In O(BIA) = In O(B) + W- (8-23)

where the prior logit, In OrB}, is assumed to be constant for the whole map area. Equation
(8-22) is used where A is present, and (8-23) where A is not present. This is the basis of the
weights of evidence method, but instead of 2 binary maps (giving only a trivial result), there
can be many maps, and a pair of weights is calculated for each map pattern to be used for
prediction, as discussed in Chapter 9.

Before moving on from the subject of associations between binary maps, the various
measures of association are reviewed and compared with respect to the data summarized in
Table 8-8. Six cases are presented, each represented by a (2x2) area matrix, T. Case I is the
starting point, to be used as a basis for comparison. Notice that out of the total area of 808
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units, 610 units are occupied by the presence of both A and B, 108 units by A and B, with
only a small area where the patterns are mismatched. Case II is the same as Case I, but the
off-diagonal elements in the area matrix have both been increased by 100.This simulates the effect
of increasing the size of the study area with "padding" that contains neither pattern A or B. Case III
is to show the effect of reducing the off-diagonal elements to almost 0, creating a situation where
patterns A and B are almost completely matched, or in perfect agreement In Case IV, the values of
T]] and T22 are interchanged, so that there aremore areas of negative matching than positive matching.
Case V is complementary to Case I in that the matching areas in the principal diagonal are switched
with the mismatch areas, to examine the effect of disagreement between patterns as compared with
agreement. Finally, Case VI was generated by using values close to the expected areas for Case I
under an assumption of independence or no association between map patterns.

First, notice that the measures calculated for Case II are greatly reduced as compared with
those of Case I, illustrating the sensitivity of any of these measures to the choice of the study
region. A modest change in the boundaries of the region, where the new area contains the
presence of neither pattern, can radically alter the results. The implication of this is that it is
all too easy to either overlook interesting associations, or conversely, to be impressed by
apparently large associations, simply due to the choice of the region for measurement. In
short, choosing appropriate spatial domains for measuring associations is important.

In Case III, the extensive overlap between the two patterns results in elevated values of i,OR'

and Cwo Notice that U, CA, K and a are all close to 1 (the maximum), but C is only 0.7 because
the maximum is less than 1. Case IV (agreement of absence, or large number of negative matches)
is similar to Case I in that all the association measures fail to distinguish between the two types
of agreement. On the other hand, Jaccard's coefficient, CJ, not shown in the table, does distinguish
between positive and negative matches, being 0.87 for Case I and 0.55 for Case II. The results for
Case V illustrate that i,C and U yield the same results as Cases I and IV, even though the patterns
are strongly mismatched. Yule's a and Cware strongly negative, Ksomewhat less strongly so,
whereas OR and CA are small positive values. Finally, in Case VI (patterns independent), all
association measures are small except CA' which has a rather large value of 0.68 due to the failure
of this coefficient to adjust for the effect of associations due to chance.

To conclude, aand Kboth yield similar results and have the nice property of ranging between
-I and +1 like a regular correlation coefficient. i,C and U should probably be avoided for binary
cases, because they do not distinguish between large interactions due to agreement and large
interactions due to disagreement. Kis useful for both binary and multi-class maps where the classes
are matched. In general, care should be used in interpreting CA because chance associations are
not compensated. ORand Cw are interesting because of their link to weights of evidence modelling,
and because their computing formulas are relatively easy to remember! Finally, if matching areas
of positive agreement are more important than matching areas of negative agreement, men CJ
might be considered as a suitable cand!date, although expected matching is not compensated.

Although these association measures can be instructive for map comparison, care must be
exercised in their interpretation because they are sensitive to choice of the measurement domain
and because their statistical significance is normally not possible to estimate by conventional
means. Computer-intensive methods of significance testing are required, using Monte Carlo
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simulation procedures (e.g. Knudsen, 1987; Openshaw et a!., 1987, 1990), a topic beyond the
scope of the present discussion. Notice that all these measures, and the measures for ordinal,
interval and ratio scale data to be discussed next, are based on object-to-object comparison
and ignore the association between an object and its near neighbours.

Interval and Ratio Scale Maps

Continuous variables, like topographic elevation, Bouguer gravity or intensity values on a
remote sensing image, can be compared with the product moment correlation coefficient, r.

n

r
L (Xi - X) (Yi - y)
i=l

n n (8-24)

where x and y are the values of the two maps, x and yare their respective means, and there
are i= 1,2 ... n spatial objects. r varies between =1 (perfect correlation) through 0 (no correlation
or independence) to -1 (perfect negative correlation). The spatial objects could be sample
points, pixels or irregular polygons. For correlation based on polygons, it is desirable to use
an area-weighted form of the above formula, so that large polygons will have more influence
on the result than small polygons. The formula is then

n

~ Tj (Xj -X) (Yj - y)
n n

I; Ti (X-X) 2 I; Ti (Yi - y) 2~=1 ~=1

(8-r

where Ti is the area of the i-th polygon, andx andy are now area weighted means. This formula
is useful for calculating correlation coefficients from attribute tables associated with unique
polygon or unique conditions overlays.

Ordinal scale data

Very commonly in GIS, the data is ordinal rather than interval or ratio in scale. This eithe~
arises because the original measurements are themselves based on rankings, or becaUSe
interval or ratio scale data have been transformed to ranks in producing a map. For example .
.a common transformation of geochemical data is to produce classes based on unequal

percentiles, emphasising the upper tail of the frequency distribution in order to enhance
anomalous values.
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The appropriate correlation measures for such data are rank correlation coefficients. For

example, Spearman's rank correlation coefficient, rs, is defined as
n

n n

~ (Rx-R)2~ (Ry-R)2
~=1 ~=1

(8-26)

where Rx and Ry are the ranks of x and y respectively, and the bar indicates mean value as
before. As can be seen, equation (8-26) is the same as (8-24), except that ranks are substituted
for the original values. Ranks are determined by simply sorting the data into ascending order,
forming the integer sequence i=1,2, ..n, then the rank R=i. The mean rank is then the middle
value, an integer if n is odd, a half integer if n is even. The sum of the ranks of x or y is the
same as the sum of the integers 1 to n, i.e. 0.5n(n+ 1). This leads to a simplified computing
formula for rs, as discussed in most elementary statistics books, that must be adjusted if there
are tied ranks. Where rank correlation is to be computed for areal data, the number of tied
ranks often becomes very great, so in general it is easier to transform the raw data to ranks
and then to use Equation (8-26). Having transformed to ranks, the ordinary product moment
correlation formula can be used, and tied ranks require no special correction. In calculating

ranks Rx from x, if some of the x's have identical values it is conventional to assign all these
ties the mean of the ranks they would have had if their values had been slightly different. Tied
values will either be assigned an integer value or half integer, depending on the number of
values with a particular x.

As before, if the areal data comes from irregular polygons (or unique conditions classes),
a weighted version of (8-26) can be used which is the same as Equation (8-25) but substituting
ranks. In this case, the ranks should also reflect area weighting, determined from a cumulative
area distribution.

Consider the data in Table 8-9, where an overlay of Map A (variable x) and Map B (variable
y) has resulted in 10 polygons. Both maps have only 5 classes, and the classes are ordered
reflecting a scaled sequence. Notice that several ties exist, which is inevitable where there are
more polygons than different values of x or y. In order to determine the area-weighted values
of x, the values of x are treated in an ascending sequence. There are two polygons with x=l,

the first having an area of 80 units, the second with an area of 37 units, a total of 117. Thus
Rx for x=1 is 11712=58.5. There is only one polygon with x=2, having an area of 71 units.
The area-weighted rank for x=2 is 117+(7112)=152.5. Similarly Rx for x=3 is
117+71+((17+18)/2)=205.5. Where x=4, the rank is 117+71 +35+((10+3+22)12)=240.5, and

for x=5, Rx is 117+71+35+35+((30+51)/2)=298.5. The ranks of yare calculated in similar
fashion. Then using the area weighted calculation of rs gives a value of 0.822. This indicates
a strong positive correlation between the two maps, as is clear from the table.

Alternatively, if the data have already been accumulated into an area cross tabulation
between the two maps, as shown Table 8-9B, the calculation of weighted ranks is shown and
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Table 8-9. Calculation of area-weighted rank correlation coefficient between two maps with
ordinal scale data. A. Attribute data from a unique polygon (or unique conditions) overlay,
with area weighted ranks appended. B. The same data organized into an area
cross-tabulation.

A. Overlay attribute table

Map A

Map B

Polygon

(x)(y)Area

5

430

2

4310

3

3517

4

453

5

4422

6

80

7

237

8

2271

9

5551

10

3 18

B. Area cross-tabulation.

Map A (x)Map B

Class 2345SumCum.

(y) 80
018009898

2

3771000108206

3

00010010216

4

000223052268

5

001735171339

Sum

11771353581

Cum.

117188223258339
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Table 8-10. Measures of map correlation based on combinations of
measurement scales.

Nominal

Ordinal

Interval/
ratio

Nominal Ordinal

Median by
nominal class

Rank correlation
coefficient

Interval/Ratio

Mean by nominal
class

Rank correlation
coefficient

Covariance,
Correlation coefficient

Sandstone

------[l]>---------4I.**

Limestone * *

10 100

Se ppm

1000 10000

FIG. 8·16. Boxplot comparing a geological map (categorical
measurement level) consisting of two classes (sandstone and limestone)
with a geochemical map (ratio scale of measurement) of selenium (Se).
The values used for making the plot could either be measured at the
original sample points, or they could be points or pixels on a regular lattice
used to sample a selenium map.
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the non-zero entries of the table can be used to carry out the calculation as before, giving the
same result.

Mixed measurement scales

In practice, the collection of spatial datasets available for any particular GIS proje t
comprises attributes from mixed scales of measurement, and the coefficients for quantifying
spatial associations described thus far have assumed that both members of a map pair haw
the same level of measurement. Table 8-10 shows the six possible combinations based on
mixtures of measurement scales, of which the three in the principal diagonal are the cases
already discussed.

In the case of an ordinal scale map variable and a categorical map, an effective method of
comparison is to use a boxplot to summarize the ordinal variable for each nominal map class.
The boxplot, Figure 8-16, summarizes the cumulative frequency distribution, showing the
95th and 5th percentiles with the free ends of the "whiskers", and a central rectangular box
that spans from the 25th to 75th percentiles. The 50th percentile, or median value, is usually
shown in a notch whose width represents the 95% confidence interval on the median, (Tukey,
1977). The boxplot does not give a number to express correlation, but does show graphically
whether the ordinal variable is partitioned into distinctive groups by the nominal scale classes.
The notch on the median cannot be reliably estimated for areal data by conventional means,
and should either not be used, or used only in a descriptive sense, and not for formal hypothesis
testing.

For a map of interval or ratio scale data, compared with a categorical map, again the box
plot is to be recommended, with the addition of the mean as a valid measure of central
tendency. Multiple F-tests can be used to test the equality of means, between classes, but the
usual caution about statistical significance applies.

For the comparison of an ordinal scale map to an interval/ratio scale map, it is probably
best to treat the interval/ratio data as ranks and use a rank correlation coefficient. This might
occur, for example, in comparing a geochemical map with a map of distance from a point or
linear feature, expressed by a map with buffer zones that may vary in width.

The option of recoding the variables to binary form, then using binary measures of
association, is often a practical solution.

OTHER TOPICS

As the reader will appreciate, making quantitative comparisons between one map and
another is quite complex, and the treatment devoted to it in this chapter is a brief introduction.
We have not dealt with methods, for example, that consider the spatial neighbourhood of
objects, and comparison has been limited to an "entity-to-entity" approach. Agterberg and
Fabbri (1978) applied the idea of geometric covariance measurements by measuring the
amount of overlap between two binary images as a function of shifting the images with respect
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